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Abstract
We study the implication of refined topological string amplitudes in the super-
symmetric N = 1 flux compactification. They generate higher derivative couplings
among the vector multiplets and graviphoton with generically non-holomorphic
moduli dependence. For a particular term, we can compute them by assuming
the geometric engineering. We claim that the Dijkgraaf-Vafa large N matrix model
with the β-ensemble measure directly computes the higher derivative corrections to
the supersymmetric effective action of the supersymmetric N = 1 gauge theory.
1On leave from Berkeley Center for Theoretical Physics at University of California, Berkeley.
1 Introduction
The flux compactification is ubiquitous in modern applications of string theory. It is
not only generating promising candidates for the realistic particle phenomenology, but
also serving as an indispensable tool to understand strong dynamics of the gauge theory
through AdS/CFT correspondence and geometric engineering. One of the salient feature
of the string compactification is that we can compute the higher derivative corrections
that are not accessible to the supergravity construction. Moreover, they are not unreal-
istic quantities computable only in principle, but they are, under a certain circumstance,
realistically computable in practice.
One typical example is topological string amplitudes. In the physical string theory,
they give rise to particular higher derivative corrections to the holomorphic F-terms in the
N = 2 supersymmetric action [1][2]. In physical applications, they have given important
clues in understanding the higher derivative gravitational corrections to the black hole
entropy [3]. After the partial supersymmetry breaking via the flux, they also directly
compute certain higher derivative corrections in the effective N = 1 supersymmetric
gauge theories through a geometric engineering.
Topological string theory is a toy model for the physical string theory, yet they compute
certain non-renormalized protected quantities in the physical string theory. Quite recently,
Antoniadis et al [4] proposed a vast generalization of the computation in the topological
string theory, which we call “refined topological string amplitudes”. They have argued
that the refined topological string amplitudes compute new higher derivative corrections to
the N = 2 supersymmetric effective action in the Calabi-Yau compactification. They have
further conjectured that by choosing a suitable class of refined topological amplitudes,
the Nekrasov partition function of the N = 2 supersymmetric gauge theory with the two
parameter extension [5][6][7] can be reproduced.2
The aim of this paper is to discuss the implication of the refined topological string
amplitudes in the N = 1 supersymmetric flux compactification. It is known that the unre-
fined topological string amplitudes compute certain F-terms (and their higher derivative
corrections) in the flux compactification. We claim that the generalization for the re-
2The Nekrasov partition function with the two parameters is supposed to be related to the refined
Gopakumar-Vafa invariant [8][9][10] and the motivic Donaldson-Thomas invariant [11]. We can regard
the work of [4] as the first formulation in terms of the topological string theory.
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fined topological string amplitudes exist and they compute higher derivative couplings
among the vector multiplets and graviphoton with generically non-holomorphic moduli
dependence.
We further claim that these new higher derivative corrections to the effective actions for
N = 1 supersymmetric gauge theories are computable by using the geometric engineering
and the above mentioned conjecture. Indeed a certain class of refined topological ampli-
tudes can be computed by using Nekrasov’s localization technique once we assume the
conjecture. Furthermore, we propose that the Dijkgraaf-Vafa matrix model [12][13] with
β-deformed ensemble [14] directly compute the N = 1 supersymmetric higher derivative
action.
The organization of the paper is as follows. In section 2, we first review the refined
topological string amplitudes in N = 2 Calabi-Yau compactification and study the im-
plications in the N = 1 supersymmettic flux compactification. In section 3, we verify
the N = 1 supersymmetric effective action proposed in section 2 by using the cˆ = 5
string formulation. In section 4, we discuss various applications of the refined topological
string amplitudes in N = 1 supersymmetric compactification and practical methods for
their computation. We conjecture that the Dijkgraaf-Vafa matrix model with β-deformed
ensamble directly compute the N = 1 supersymmetric higher derivative action. We also
study further breaking of the supersymmetry and generation of the soft terms. In section
5, we conclude the paper with discussions.
2 Refined topological amplitude reduced to N = 1
Antoniadis et al introduced the “refined topological amplitudes” that compute certain
generalized F-terms in Calabi-Yau compactification of the type II string theory with
the N = 2 supersymmetry [4] (see also [15] for the hetrotic string computation). The
generalized higher derivative F-term takes the form of
Sg,n =
∫
d4xd4θW2gΥn , (2.1)
where W is the Weyl superfield that has a component expansion
W ijµν = ǫijT−µν − R−µνρσ(θiσρσθj) + · · · . (2.2)
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Here T−µν is the anti-selfdual graviphoton field strength and R
−
µνρσ is the anti-selfdual Rie-
mann tensor. i = 1, 2 denotes the SU(2)R-symmetry indices of the N = 2 supersymmetry.
The superfield Υ denotes the chiral projection of the function of vector multiplets. More
precisely, a vector multiplet is described by the reduced N = 2 chiral superfield:
XI = xI +
1
2
F+Iµν ǫij(θ
iσµνθj) + · · · , (2.3)
where I = 0, · · ·h, and F+Iµν are selfdual field strength for the Ith vector field (I = 0 will
be identified with the graviphoton while I = 1, · · ·h will be in the vector multiples). The
chiral projected superfield is given by
Υ = Π
(
G(XI/X0, (XI/X0)†)
(X0)2
)
, (2.4)
where Π = (ǫijD¯
iσ¯µνD¯
j)2 is the superconformal chiral projection operator (see e.g. [16]).
For later purposes we will introduce the physical moduli field as φI = XI/X0 (I =
1, · · · , h). X0 plays the role of the compensator, and in the rigid limit, we often fix the
superconformal gauge so that X0 = const in the following. Note that we can define Υ
for any possibly non-holomorphic function G, so the amplitudes (2.1) have huge degrees
of freedom compared with the n = 0 holomorphic amplitude. With respect to this arbi-
trariness, one should regard Υn as an abbreviation of
∏n
i=1ΥGi because one can choose
different Υ at each order.
They showed [4] that the amplituds (2.1)
Sg,n =
∫
d4xFg,n(φ, φ¯)(R
−)2(T−)2g−2(F+)2n + · · · (2.5)
can be computed within the topological string theory. A direct computation in the type
II string theory [4] relates the higher derivative F-terms with the topological string am-
plitudes:
Fg,n =
∫
M(g,n)
〈
3g−3+n∏
k=1
|(µk ·G−)|2
n∏
k=1
∫
ΨIk
n∏
l=1
ΨˆJl〉top . (2.6)
Here, ΨI are (anti-chiral, chiral) primary operators with the U(1) R-charge (−1, 1) and
twisted conformal dimension (1, 1), which will be integrated over the Riemann surface.
The hatted operators are defined as ΨˆJ =
∮
dzρ(z)
∮
dz¯ρ˜(z¯)ΨJ , where ρ is the unique
left-moving operator with the charge +3 and dimension 0. Thus, ΨˆJ have U(1) R-charge
3
(+2,−2) and dimension (0, 0), and they are in the twisted BRST cohomology. They
are located at n distinct punctures on the genus g Riemann surface. µk is the Beltrami-
differential associated with the complex structure moduli spaceM(g,n) for the n-punctured
genus g Riemann surfaces. The natural measure for the A-twist is given by
|(µk ·G−)|2 = (µk ·G−)(µ¯k · G¯+) . (2.7)
When n = 0, the amplitude corresponds to the partition function of the genus g
topological string theory, and it computes the graviphoton corrections to the N = 2 pre-
potential. It is important to observe that the amplitude Fg,n for n ≥ 1 is not holomorphic
because the insertion
∫
ΨIk is not necessarily annihilated by the topological BRST charge.
Furthermore, (2.6) should be regularized so that the leading O(1/|z|2) singularities as-
sociated with the OPE Ψ(z)IΨˆ(0)J are subtracted. This is physically necessary because
one has to compute the 1PI diagram rather than the S-matrix to obtain the effective ac-
tion. The regularization procedure with the subtraction will remove the non-1PI diagrams
appearing in the external lines that will generate “massless” one particle state interior.
It is interesting to observe that from the charge assignment, once one subtracts the lead-
ing order singularity, the first non-trivial OPE between ΨI and ΨˆJ should give birth to
the operator whose R-charge is (1, 1) and the twisted conformal dimension (0, 0). Unless
it is given by a certain descendent operator, it has the same charge as the topological
chiral primary operator, and the amplitude is likely to be holomorphic (up to a possible
holomorphic anomaly) [17]. We will come back to this point later in section 3.
The main goal of this paper is to study the N = 1 reduction of the refined topological
amplitudes. In the context of the type II string theory, we will introduce the background
fluxes to break the N = 2 supersymmetry down to N = 1. Within the holomorphic
topological string theory, the effect of the flux and subsequent supersymmetry breaking
was first studied in [18] by using the so-called spurion method.
For definiteness, let us focus on the type IIA compactification. The idea is to substitute
the background superfield
tI = tI +N IΘ2 (2.8)
into the effective action to break the N = 2 supersymmetry by the explicit vacuum
expectation value corresponding to the N = 1 supersymmetry preserving flux and read
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off the N = 1 effective action after the partial supersymmetry breaking.3 Here Θ denotes
a particular component of the supersymmetry which will be broken by the flux, and the
unbroken N = 1 supercoordinate will be denoted by ϑ. N I is the number of R-R flux
through the two-cycle corresponding to the Ka¨hler moduli tI , but it also acquires the
imaginary part coming from the NS-NS flux [18]. As discussed in [18], for n = 0, the
conventional holomorphic (unrefined) topological string amplitudes give the (graviphoton
corrected) N = 1 superpotential term:
Wg =
∫
d2ϑ(W−)2g
(
N I
∂Fg
∂tI
)
, (2.9)
where W− is the N = 1 reduced graviphoton superfield.
We claim that we can compute the effective N = 1 action reduced from the N = 2 re-
fined topological amplitude in the similar manner. For this purpose, as in the N = 2 case,
we introduce chiral projection of the general N = 1 superfield: U = D¯2F (X,X†,W, W¯ ) so
that D¯U = 0. Here, we have decomposed an N = 2 vector multiplet into an N = 1 chiral
multiplet X and an N = 1 vector multiplet V whose field strength is Wα = D¯2DαV , and
the N = 1 superderivative is denoted by D. With this notation, the N = 1 amplitudes
that can be reduced from the N = 2 amplitudes fall in the class of
Wg,n =
∫
d2ϑ(W−)2gUn . (2.10)
As in the N = 2 case, we should regard Un as an abbreviation of Πni=1UFi because we can
choose different U at each order.
In contrast to its appearance, the amplitude (2.10) is not holomorphic because the “chi-
ral” superfield U contains arbitrary non-holomorphic dependence through F (X,X†,W, W¯ ).
Indeed, the “F-term” amplitude (2.10) can be rewritten as a “D-term”:
Wg,n =
∫
d2ϑd2ϑ¯(W−)2gF (X,X†,W, W¯ )Un−1 (2.11)
We note that the existence of F may be only local, and there might be a global obstruction.
In that case, the “F-term” in (2.10) cannot be integrated to the D-term (2.11). This is
the phenomenon closely related to the one found in the context of the “higher derivative
F-term” in [19].
3Technically, the special coordinates φI and the large radius geometric Ka¨hler moduli tI are related
by a non-trivial coordinate transformation. We will be implicit about the detail of the transformation in
the following.
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As in the genuine superpotential term (2.9), we claim that the replacement (2.8) in
the N = 2 effective action is a good approximation to compute the N = 1 generalized
“higher derivative F-term” as long as the supersymmetry breaking is small and the back-
reaction to the geometry is small. In the extreme warped case, the D-terms may acquire
significant corrections and the extra contributions other than the refined topological string
amplitudes cannot be neglected.
Accordingly, with the substitution (2.8), the refined topological string amplitude (2.1)
gives birth to theN = 1 effective action (2.10) with one U given byN ID¯2
(
∂3G(φ,φ†)
∂tI∂φJ†∂φK†
W¯ JW¯K
)
and the other (n− 1) U ’s given by D¯2
(
∂2G(φ,φ†)
∂φJ†∂φK†
W¯ JW¯K
)
so that
Wg,n =
∫
d2ϑ(W−)2gN ID¯2
(
∂3G(φ, φ†)
∂tI∂φ†∂φ†
W¯ 2
)(
D¯2
(
∂2G(φ, φ†)
∂φ†∂φ†
W¯ 2
))n−1
=
∫
d2ϑd2ϑ¯(W−)2gN I
(
∂3G(φ, φ†)
∂tI∂φ†∂φ†
W¯ 2
)(
D¯2
(
∂2G(φ, φ†)
∂φ†∂φ†
W¯ 2
))n−1
. (2.12)
We emphasize that the precise detail of U , or G on the moduli dependence can be com-
puted from the refined topological amplitudes (2.6). In the next section, we discuss the
validity of the simple replacement (2.8) to break the supersymmetry in the cˆ = 5 string
formulation.
3 cˆ = 5 string formulation for refined amplitude
To understand the effect of the partial supersymmetry breaking from N = 2 to N = 1
in the flux compactification, it is convenient to use the cˆ = 5 string formulation as used
in establishing the relation between the unrefined topological string amplitudes and the
N = 1 supersymmetric effective action in [20].
The N = 2, cˆ = 5 string theory has the worldsheet action
S =
∫
d2z(pα1 ∂¯θ
1
α + p
α
2∂θ
2
α +
1
2
ǫαβ∂x
α+˙∂¯xβ−˙) + SCY , (3.1)
where the Calabi-Yau part of the action is topologically twisted. θi and pi are Grassmann-
valued fields. The theory has the following twisted N = 2 generators:
T = p1α∂θ
1α +
1
2
ǫαβ∂x
α+˙∂xβ−˙ + TCY
G+ = θ1α∂x
α+˙ +G+CY , G
− = p1α∂x
α−˙ +G−CY
6
J = θα1 p
1
α + JCY
T¯ = p2α∂θ
2α +
1
2
ǫαβ ∂¯x
α+˙∂¯xβ−˙ + T¯CY
G¯− = θ2α∂¯x
α+˙ + G¯−CY , G¯
+ = p2α∂¯x
α−˙ + G¯+CY
J¯ = θα2 p
2
α + J¯CY . (3.2)
Here, {TCY, G+CY, G−CY, JCY} are the twisted N = 2 generators of the internal Calabi-Yau
conformal field theory. See [20] for the detailed structure of the cˆ = 5 string theory.4
In this paper, we would like to compute the “refined” cˆ = 5 string amplitude:
Ag,M,n =
〈
|
3g−3+M+n∏
j=1
∫
dmj
∫
µjG
−|2
M∏
r=1
Vr(zr)
n∏
k=1
∫
Υ˜IkΨIk
n∏
l=1
ΥˆJlΨˆJl
〉
. (3.3)
We focus on the case where M = 2g and all Vr are given by the graviphoton vertex
operators. In addition, we choose 2g of the Beltrami differentials to be associated with
the positions of the graviphoton vertex operators. This leads to
Ag,n =
〈
|
3g−3+n∏
j=1
∫
dmj
∫
µjG
−|2
2g∏
r=1
∫
d2zrWr(zr)
n∏
k=1
∫
Υ˜IkΨIk
n∏
l=1
ΥˆJlΨˆJl
〉
. (3.4)
where Wr =
∮
G−
∮
G¯+R is the graviphoton superfield.
The refined cˆ = 5 amplitudes are somewhat more subtle than those considered in [20].
First of all, as we mentioned in section 2, in the computation of the twisted correlation
function, one has to subtract the leading order 1/|z|2 singularities associated with the
OPE ΨI(z)ΨˆJ(0). Correspondingly, note that the insertion by ΨI is not necessarily BRST
invariant, so the amplitude is not generically holomorphic. Our motivation to study the
generically non-BRST invariant cˆ = 5 amplitude is to reproduce the N = 2 RNS string
theory refined amplitudes discussed in section 2. For this purpose, the superfield vertex
operators Υ˜ and Υˆ satisfy a particular relation as we will see.
We can integrate over the zero modes of (x, θi) and we obtain the refined topological
amplitudes in cˆ = 5 string theory formulation:
Ag,n =
∫
d4xd4θW2gΥn
×
〈
|
3g−3+n∏
j=1
∫
dmj
∫
µjG
−|2
n∏
k=1
∫
ΨIk
n∏
l=1
ΨˆJl
〉
top
. (3.5)
4We use a slightly different notation for the superspace so that (θ, θ¯) there is replaced by (θ1, θ2) here.
Also our G¯+ is their G¯− and vice versa.
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Here, for the consistency of the amplitude and supersymmetry, the superfield Υ = Υ˜Υˆ
must be a chiral superfield. We further demand that it is given by the chiral projection
of the function of the vector multiplets5
Υ = Π
(
G(XI/X0, (XI/X0)†)
(X0)2
)
. (3.6)
The coefficient in the effective action is precisely the refined topological string amplitudes
discussed in section 2. In this way, we have reproduced the N = 2 refined type II RNS
string amplitudes in the cˆ = 5 formalism.
We now break the supersymmetry to compute the N = 1 effective action by intro-
ducing the expectation value for the auxiliary fields in Υ = ∂2G(φ, φ†)/(∂φ†∂φ†)W¯ 2 +
D2Θ2 + · · · . More precisely, we demand that the supersymmetry breaking is induced by
the expectation value for the auxiliary chiral superfield corresponding to the harmonic
two-form (i.e. geometric Ka¨hler moduli): tI = tI +N IΘ2, where N I is the corresponding
N = 1 preserving flux. Note that the specification of the supersymmetry breaking is not
directly dictated in the cˆ = 5 formulation, so it is in principle possible to study broader
classes of the supersymmetry breaking than the N = 1 partial supersymmetry breaking
we are focusing here (see section 4.3 for further discussions). As a result of the partial
supersymmetry breaking from the flux, we obtain the N = 1 supersymmetric effective
action
Sg,n =
∫
d4xd2ϑ(W−)2gN ID¯2
(
∂3G(φ, φ†)
∂tI∂φ†∂φ†
W¯ 2
)(
D¯2
(
∂2G(φ, φ†)
∂φ†∂φ†
W¯ 2
))n−1
, (3.7)
which is the same effective action we proposed in the previous section.
4 Applications
In this section, we discuss several applications and explicit examples of the refined topolog-
ical amplitudes and their applications in the N = 1 supersymmetric flux compactification.
4.1 Universal contributions from conifold singularity
As an example of the refined topological amplitudes and their contribution to the N = 1
supersymmetric effective action in a flux compactification, let us consider the conifold sin-
5Strictly speaking, this information cannot be encoded in the cˆ = 5 formulation because there is no
notion of the θ¯α˙ variables. We regard it as an extra input.
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gularity. The conifold singularity is rather ubiquitus in string compctifications and it gives
a universal contribution to the N = 2 (refined) amplitudes as well as the corresponding
N = 1 supersymmetric amplitudes in the flux compactification.
The refined topological string amplitudes for the conifold was computed in [17] in
agreement with the matrix model proposal in [14]. For the N = 2 supersymmetric
amplitude, it is custumary to introduce the generating function
F (ǫ−, ǫ+) =
∞∑
g=1
∞∑
n=1
ǫ2g− ǫ
2n
+ Fg,n . (4.1)
The direct computation gives
F ∼
∫
dt
t
πǫ1
sin(πǫ1t)
πǫ2
sin(πǫ2t)
e−tµ , (4.2)
where ǫ1 = ǫ+ + ǫ− and ǫ2 = ǫ+ − ǫ−. The amplitude is nothing but the free energy of
the c = 1 non-critical string theory at the radius
√
2|ǫ1/ǫ2| [21] (consult e.g. [22] for the
reason why the non-critical string appears in the conifold).
The corresponding N = 1 supersymmetric amplitude is given by
Sg,n =
∫
d4x
∫
d2ϑN
(
∂Fg,n
∂µ
(W−)2g(D¯2W¯ 2)n
)
=
∫
d4x
∫
d2ϑd2ϑ¯N
(
∂Fg,n
∂µ
(W−)2gW¯ 2(D¯2W¯ 2)n−1
)
(4.3)
Note that in the case of conifold, Fg,n is actually holomorphic in µ, so one can commute
D¯2 in U with the holomorphic function (or more precisely a section of the suitable line
bundle) Fg,n(µ).
For instance, the lowest correction comes from the “genus 1” part of the refined topo-
logical amplitudes: F1 ∼ (ǫ21 + ǫ22) logµ = 12(ǫ2+ + ǫ2−) logµ. The anti-selfdual part gives
the graviphoton corrected superpotential term
S1,0 =
∫
d4x
∫
d2ϑ
N
2
(W−)2µ−1 (4.4)
while the selfdual part gives the generalized F-term introduced in section 2:
S0,1 =
∫
d4x
∫
d2ϑ
N
2
(D¯2W¯ 2)µ−1
=
∫
d4x
∫
d2ϑd2ϑ¯
N
2
(W¯ 2)µ−1 . (4.5)
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On the Minkowski vacuum, the vacuum expectation value of µ is determined from the
tree level part of the flux superpotential, which gives us the famous gaugino condensation
effect µ ∼ NΛ3 irrespective of the higer derivative corrections newly discussed in this
paper.
It is interesting to observe that the N = 2 topological string amplitude considered
here possesses a symmetry between ǫ+ and ǫ− (as well as between ǫ1 and ǫ2). The corre-
sponding N = 1 supersymmetric action has the resultant symmetry under the exchange
of the graviphoton field strength T− and the vector multiplet field strength F+. The first
symmetry is only true when the BPS spectrum of the N = 2 theory has a symmetry
under the left spin and the right spin. The latter symmetry is due to the T-duality of the
compactified boson in the c = 1 non-critical string theory language.6
4.2 β-deformed matrix model conjecture
While it is not always feasible to compute the refined topological string amplitudes based
on the first principle from their definition except for the simplest conifold case, there exist
several tricks to compute them indirectly by using duality arguments. Our basic idea is
based on the conjecture [4] that the refined topological string amplitude for a particular
choice of the vector multiplet is equivalent to the Ω deformation in the Nekrasov partition
function of the N = 2 supersymmetric gauge theory.
The cojecture is applicable when the target space Calabi-Yau has a geometric-engineering
interpretation from a gauge theory. Then it is well-established that the (unrefined) topo-
logical string partition function yields the Nekrasov partition function by identifying the
graviphoton correction with the Nekrasov twist parameter with ǫ1 = −ǫ2. It is conjec-
tured that the refined topological string partition function computes the Nekrasov par-
tition function with the more general parameter ǫ1 6= −ǫ2. Since the Nekrasov partition
function itself can be computed by the localization technique for general values of ǫ1 and
ǫ2, we can compute Fg,n and the corresponding N = 1 supersymmetric effctive action
that we have discussed from the conjecture. In the simplest conifold case, the conjecture
is verified by a direct computation in [17].
6The symmetry between ǫ1 and ǫ2 naturally arises in the Nekrasov partition function due to a trivial
symmetry of the exchange of x12 plane and x34 plane in R
4. The symmetry between ǫ+ and ǫ− is not
manifest because the R-symmetry twist does not preserve it.
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An alternative and slightly more direct way to compute the refined topological am-
plitues, again for a particular choice of the vector multiplet, is to use the large N matrix
model partition function with the so-called β-ensemble. For a particular type of Calabi-
Yau singularity, the unrefined topological string partition function can be computed by
the large N (Dijkgraaf-Vafa) matrix integral [12][13]:
Z =
∫
DΦe−V (Φ) , (4.6)
where Φ is the N×N Hermitian matrix and V (Φ) encodes the geometry of the Calabi-Yau.
The matrix integral measure is the conventional Haar measure (divided by the volume of
the U(N) group). We identify the 1/N expansion as the topological string expansion. In
the simplest conifold case the potential is V (Φ) = µ
2
TrΦ2.
It was argued in [14] that the Nekrasov deformation can be introduced by changing
the measure of the matrix integral (4.6). When we diagonalize the Hermitian matrix Φ,
the original measure is given by the Vandermode determinant of the eigenvalues:
Z =
∫
dNz
∏
I<J
(zI − zJ )2e−V (z) . (4.7)
To compute the refined topological amplitude, we replace the Vandermode measure by
the so-called β-ensemble measure:
Zβ =
∫
dNz
∏
I<J
(zI − zJ)2βe−V (z) . (4.8)
We identify β = − ǫ1
ǫ2
.
As demonstrated in [14], for the simple Gaussian potential corresponding to the coni-
fold geometry, the β-ensemble integral gives the desired refined topological string ampli-
tudes in the large N limit:
logZβ =
∫
ds
s
eµs
(1− eǫ1s)(1− eǫ2s) . (4.9)
The expansion with respect to 1/µ gives the universal contribution discussed in section
4.1. More generally, the matrix model with the β-ensemble for the Nekrasov partition
function was studied in [23].
In this way, one can interpret the partition function of the matrix integral with the
β-ensemble measure directly in terms of the N = 1 theory. In tern, the geometric engi-
neering gives us the way to compute the higher derivative F-terms in low-energy N = 1
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supersymmetric gauge theory from the Dijkgraaf-Vafa large N matrix model with the
β-ensemble measure. In the original unrefined Dijkgraaf-Vafa conjecture, the N = 1 su-
persymmetric Yang-Milles theory (with adjoint matter) realized by D5-brane wrapping
singular two-cycles of the Calabi-Yau is replaced by the flux geometry, whose effective
action is computed by the topological string theory and identified with the low-effective
action of the N = 1 supersymmetric gauge theory with the gaugino condensation. The
refined generalization of us leads to the following conjecture:
Conjecture
The higher derivative F-terms (2.12) appearing in the low energy effective action of
the N = 1 supersymmetric U(n) gauge theory with adjoint matter can be computed by the
Dijkgraaf-Vafa large N matrix model with the β-deformed ensemble.
In this conjecture, we interpret the chiral multiplet appearing in the higher derivative
F-terms by the gaugino condensate S ∼ TrW 2. The selfdual field strength appearing
in the N = 1 supersymmetric effective action may be interpreted as the U(1) vector
multiplet in the U(n) gauge theory.
The refined topological amplitude computed from the β-deformed matrix integral is
holomorphic with respect to the moduli fields. In this sense, the refined amplitude com-
puted in this way is very specific. It is also clear from the Nekrasov partition function
viewpoint because the Nekrasov partition function has only one extra parameter compared
with the unrefined topological amplitude. The refined topological amplitudes studied in
section 2 is more generic: it is not necessarily holomorphic and it has as many parameters
as the number of vector multiplets. It is of interest to study how one can compute the
more general refined amplitudes beyond their original definition.
4.3 Further supersymmetry breaking
In section 3, we have studied the partial breaking of the N = 2 supersymmetry to N = 1
supersymmetry by giving the expectation value to the Θ2 component of the N = 2
superfield as flux contribution. Nothing there forbids us from breaking supersymmetry
further down to N = 0 supersymmetry by giving an expectation value to the remaining
N = 1 superfield. The resulting effective action acquires a so-called soft terms via the
supersymmetry breaking.
12
As a typical example, let us study the N = 1 g = 0, n = 1 amplitude:
S0,1 =
∫
d4xd2ϑd2ϑ¯W¯ 2K0,1(Φ,Φ
†,W, W¯ ) . (4.10)
By setting Φ = φ+ ϑ2〈F 〉, we obtain the gaugino mass term:
S0,1 =
∫
d4x(λ¯λ¯)
∂2K0,1
∂Φ∂Φ†
|〈F 〉|2 + · · · , (4.11)
where λ¯α˙ is the gaugino which is the lowest component of W¯α˙.
Similarly, there would be a mixed D-term and F-term effects from the g = 0, n = 2
refined amplitudes
S0,2 =
∫
d4xd2ϑd2ϑ¯W¯ 2D¯2W¯ 2K0,2(Φ,Φ†,W, W¯ ) , (4.12)
which gives after setting Φ = φ+ ϑ2〈F 〉 and W¯ 2 = λ¯2 + ϑ¯2〈D〉2
S0,2 =
∫
d4x(λ¯λ¯)〈D〉2|〈F 〉|2 ∂
2K0,2
∂Φ∂Φ†
. (4.13)
Such a contribution to the gaugino mass term is important in understanding e.g. strongly
coupled D-term gauge mediation [24][25] (or more general gauge mediation [26]) in super-
symmetric particle phenomenology.
In the simplest conifold example, the refined amplitude is holomorphic so there is no
gaugino mass term from S0,1. Instead, it gives a threshold correction to the gauge coupling
constant
S0,1 =
∫
d4xd2ϑd2ϑ¯W¯ 2
1
S
= −
∫
d4xd2ϑ¯W¯ 2
〈F 〉
S2
+ · · ·
= −
∫
d4x
〈F 〉
S2
(
(F+µν)
2 + λ¯σµ∂µλ¯+ · · ·
)
+ · · · . (4.14)
Similarly, the mixed D-term and F-term supersymmetry breaking gives a further threshold
correction from S0,2 as
S0,2 =
∫
d4xd2ϑd2ϑ¯W¯ 2D¯2W¯ 2 1
S3
= −6
∫
d4x
〈F 〉〈D〉2
S4
(
(F+µν)
2 + λ¯σµ∂µλ¯+ · · ·
)
+ · · · . (4.15)
We emphasize the effect is potentially large because S, which appears in the denominator,
takes an exponentially smaller value compared with the Plank (string) scale due to the
effect of the warping (or dimensional mutation in the language of the dual gauge theory).
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5 Discussion
In this paper we have studied the implications of the refined topological amplitudes in the
N = 1 supersymmetric flux compactification. We have shown that the refined topological
amplitudes compute certain higher derivative F-terms in the effective action. The refined
amplitude is generically non-holomorphic, but we have argued that they can be computed
by using the geometric engineering and the Dijkgraaf-Vafa large N matrix model with
β-ensemble measure for a certain specific refined amplitude.
Which kind of refined amplitudes are computable? We have noted that in both the
Nekrasov localization computation through the geometric engineering or the Dijkgraaf-
Vafa large N matrix model computation, the refined topological amplitudes computed are
all holomorphic. The requirement of the holomorphicity in the refined topological am-
plitude seems relevant in finding “computable” N = 1 supersymmetric higher derivative
F-terms. In [17], we have discussed that the regularization by subtracting the singularities
play an important role to assure the holomorphicity of the refined topological amplitudes.
It would be interesting to study the structure further both from the worldsheet viewpoint
as well as the target space effective field theory viewpoint.
The formulation we have discussed in this paper by itself applies to the non-holomorphic
amplitude. In particular, the generation of the gaugino mass in the N = 0 supersym-
metry breaking needs the non-holomorphic dependence on the moduli fields. It would
be important to establish ways to compute the non-holomorphic dependence. We expect
that the refined topological amplitude must satisfy certain integrability conditions as well
as holomorphic anomaly equations, and we believe they will give us a breakthrough in
this direction.
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